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“In a constitutional democracy one of its most important aims is presenting a 
political conception of justice that can not only provide a shared public 
basis for the justification of political and social institutions but also helps 
ensure stability from one generation to the next. … such a basis must be I 
think, even when moderated by skilful constitutional design, a mere 
modus vivendi, dependent on a fortuitous conjunction of contingencies. 
What is needed … thereby specifying the aims the constitution is to 
achieve and the limits it must respect. In addition, this political conception 
needs to be such that there is some hope of its gaining the support of an 
overlapping consensus, that is a consensus in which it is affirmed by the 
opposing religious, philosophical and moral doctrines likely to thrive over 
generation in a more or less just constitutional democracy, where the 
criterion of justice is that political conception itself.” 

 
 
Quoted from John Rawls (1987): The idea of overlapping consensus, Oxford Journal of Legal Studies, 7(1), 1-25  
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Relations between all constitutional and government 
organs must be moderated and evaluated depending 
on their way of decision making. Montesquieu’s 
tripartite of power may be realized via different 
attributes of involved sides. Among those attributes 
one may find the right to veto. We think, that priori 
veto is rather strengthening the position of beholder. 
So, any considerations about consensus process 
must include evaluation of veto attribute as well, for 
to preserve the balance between sides. 



The philosophy of the presentation. 

• The great nineteenth-century economist Alfred Marshall had been First Wrangler 
in mathematics at Cambridge. Later, he talked about the role mathematics played 
in his work: I had a growing feeling in the later years of my work at the subject that 
a good mathematical theorem dealing with economic hypotheses was very 
unlikely to be good economics: and I went more and more on the rules— 

– (1) Use mathematics as a shorthand language, rather than as an engine of inquiry.  
– (2) Keep to them till you have done.  
– (3) Translate into English.  
– (4) Then illustrate by examples that are important in real life.  
– (5) Burn the mathematics.  
– (6) If you can’t succeed in 4, burn 3.  

 
Quoted in [G. F. Shove, The place of Marshall’s Principles in the development of economic theory, Econom. J., 52 (1942) 
294–329]. 

 
N. B.: So Marshall practiced mathematics as a secret vice; he was a closet mathematician. His 
most famous student was John Maynard Keynes. At Cambridge, Keynes took his degree in 
mathematics. In 1920 Keynes published his Treatise of Probability. Keynes’s great books on 
economics contain many equations. By the time of Lord Keynes mathematics was not a secret 
vice but a public virtue. 

Quoted in [J. Franklin: Mathematical Methods of Economics, The American Mathematical Monthly, April 1983, Volume 90, 
Number 4, pp. 229–244]. 
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A little bit of history of Ancient Rome 

• In 494 BC, the city was at war, but the plebeian soldiers refused to march against the enemy, and 
instead seceded to the Aventine hill. The Patricians quickly became desperate to end what was, in 
effect, a labor strike, and thus they quickly agreed to the demands of the plebeians, that they be 
given the right to elect their own officials. The plebeians named these new officials plebeian 
tribunes (tribuni plebis), and gave them two assistants, the plebeian aediles (aediles plebi).  
 

• Since the tribunes were considered to be the embodiment of the plebeians, they were 
sacrosanct. Their sacrosanctity was enforced by a pledge, taken by the plebeians, to kill any person 
who harmed or interfered with a tribune during his term of office. All of the powers of the tribune 
derived from their sacrosanctity. One obvious consequence of this sacrosanctity was the fact that it 
was considered a capital offense to harm a tribune, to disregard his veto, or to interfere with a 
tribune. The sacrosanctity of a tribune (and thus all of his legal powers) were only in effect so long 
as that tribune was within the city of Rome. If the tribune was abroad, the plebeians in Rome could 
not enforce their oath to kill any individual who harmed or interfered with the tribune. Since 
tribunes were technically not magistrates, they had no magisterial powers ("major powers" 
or maior potestas), and thus could not rely on such powers to veto. Instead, they relied on the 
sacrosanctity of their person to obstruct. If a magistrate, an assembly or the senate did not comply 
with the orders of a tribune, the tribune could 'interpose the sacrosanctity of his person' 
(intercessio) to physically stop that particular action. Any resistance against the 
tribune was tantamount to a violation of his sacrosanctity, and thus was considered a capital 
offense. Their lack of magisterial powers made them independent of all other magistrates, which 
also meant that no magistrate could veto a tribune.  
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A little bit of history of the Polish–Lithuanian Commonwealth– (1569-1795) 

• The liberum veto (Latin for "the free veto") was a parliamentary device in 
the Polish–Lithuanian Commonwealth. It allowed any member of 
the Sejm (legislature) to force an immediate end to the current session 
and nullify any legislation that had already been passed at the session by 
shouting: "I do not allow!". 

• From the mid-16th to the late 18th century, the Polish–Lithuanian 
Commonwealth had the liberum veto, a form of unanimity voting rule, in 
its parliamentary deliberations. The principle of liberum veto formed a key 
role on the political system of the Commonwealth, strengthening 
democratic elements and checking the royal power, going against the 
European-wide trend of strong executive (absolute monarchy). 

• Many historians hold that the principle of liberum veto was a major cause 
of the deterioration of the Commonwealth political system—particularly 
in the 18th century, when foreign powers bribed Sejm members to 
paralyze its proceedings—and the Commonwealth's eventual downfall. 

• In the period of 1573-1763, about 150 sejms where held, out of which 
about a third failed to pass any legislation, mostly due to liberum veto. 
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French revolutionary tribunat 

• The "Tribunat", was a collective organ of the young revolutionary French Republic 
composed of members styled tribun , which, despite the apparent reference to 
one of ancient Rome's prestigious magistratures, never held any real political 
power as an assembly, its individual members no role at all. 

• It was instituted by Napoleon I Bonaparte’s Constitution of the Year VIII "in order 
to moderate the other powers" by discussing every legislative project, sending 
its orateurs (i.e. spokesmen) to defend or attack them in the Corps législatif, and 
asking the Senate to overturn "the lists of eligibles, the acts of the Legislative Body 
and those of the government" on account of unconstitutionality. Its 100 members 
were designated by the Senate from the list of citizens from 25 years up, and 
annually one fifth was renewed for a five-year term. 

• When it opposed the first parts of Bonaparte's proposed penal code, he made the 
Senate nominate 20 new members at once to replace the 20 first opponents to his 
politic; they accepted the historically important reform of penal law. As the 
Tribunate opposed new despotic projects, he got the Senate in year X to allow 
itself to dissolve the Tribunate. In XIII it was further downsized to 50 members. On 
August 16, 1807 it was abolished and never revived. 
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So, it opens some questions: 

1) Is vetoing popular among nations? 

2) Is vetoing agent (player, member, etc.) 
stronger with veto attribute or weaker? 

3) How to measure the power of veto player? 
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U.S. federal, states, veto powers, and override authority. 

• The Presidents of the Continental Congress (1774–1781) did not 
have the power of veto. The President could not veto an act of 
Congress under the Articles of Confederation (1781–1789), but he 
possessed certain recess and reserve powers that were not 
necessarily available to the predecessor President of Continental 
Congress. It was only with the enactment of the United States 
Constitution (drafted 1787; ratified 1788; fully effective since 4 
March 1789) that veto power was conferred upon the person titled 
"President of the United States". 

• The presidential veto power was first exercised on April 5, 1792 
when President George Washington vetoed a bill outlining a new 
apportionment formula submitted by then Secretary of State 
Thomas Jefferson. Apportionment described how Congress divides 
seats in the House of Representatives among the states based on 
the US census figures. President Washington thought the bill gave 
an unfair advantage to the northern states. 

• The Congress first overrode a presidential veto (passed a bill into 
law notwithstanding the President's objections) on March 3, 1845. 
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All U.S. states also have a provision by which legislative decisions can be 
vetoed by the governor. In addition to the ability to veto an entire bill as a 
"package," many states allow the governor to exercise specialty veto 
authority to strike or revise portions of a bill without striking the whole thing. 
Amendatory veto: 
Allows a governor to amend bills that has been passed by the legislature. 
Revisions are subject to confirmation or rejection by the legislature. 
Line item veto: 
Allows a governor to remove specific sections of a bill that have been passed 
by the legislature. Deletions can be overridden by the legislature. 
Pocket veto: 
Any bills presented to a governor after a session has ended must be signed to 
become law. A governor can refuse to sign such a bill and it will expire. Such 
vetoes cannot be overridden. 
Reduction veto: 
Allows a governor to reduce the amounts budgeted for spending items. 
Reductions can be overridden by the legislature. 
Package veto: 
Allows a governor to veto the entire bill. Package vetoes can be overridden by 
the legislature. 
For essential analysis see: M. Franklin, Problems Relating to the Influence of the Roman Idea of 
the Veto Power in the History of Law. 22 Tulane Law Rev. 443 (1947-1948). 
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Presidential veto in Europe. 

Following data from Wikipedia: 
 
 

• The President of Austria technically has no veto power but may order a referendum on a bill passed by the legislature if he refuses to 
sign it. 

• The President of Iceland may refuse to sign a bill, which is then put to universal adult suffrage. This right was not exercised until 2004, 
by President Ólafur Ragnar Grímsson, who has since refused to sign two other bills. The first bill was withdrawn, but the latter two 
resulted in referenda. 

• The President of Hungary has two options to veto a bill: submit it to the Constitutional Court if he suspects that it violates the 
constitution or send it back to the Parliament and ask for a second debate and vote on the bill. If the Court rules that the bill is 
constitutional or it is passed by the Parliament again, respectively, the President must sign it. 

• The President of Ireland may refuse to grant assent to a bill that he or she considers to be unconstitutional, after consulting the Council 
of State; in this case, the bill is referred to the Irish Supreme Court, which finally determines the matter. This is the most widely used 
reserve power. The President may also, on request of a majority of the Senate and a third of Dáil Éireann (the lower house of 
parliament), after consulting the Council of State, decline to sign a bill "of such national importance that the will of the people thereon 
ought to be ascertained" in an ordinary referendum or a new Dáil reassembling after a general election held within eight months. This 
latter power has never been used because the government of the day almost always commands a majority of the Senate, preventing 
the third of Dáil Éireann that usually makes up the opposition from combining with it. 

• The President of Italy may request a second deliberation of a bill passed by Parliament before it is promulgated. This is very weak form 
of veto as the Parliament can override the veto by an ordinary majority. The same provision exists in France and Latvia. While such a 
limited veto cannot thwart the will of a determined parliamentary majority, it may have a delaying effect and may cause the 
parliamentary majority to reconsider the matter. The President of Republic can also call new Parliament elections. 

• The President of Estonia may effectively veto a law adopted by Estonian parliament by refusing to proclaim it and demanding a new 
debate and decision. The parliament, in its turn, may overrride this veto by passing the law unamended for the second time (a simple 
majority is enough). In this case the President is obliged to proclaim the law or to request the Supreme Court of Estonia to declare the 
law unconstitutional. If the Supreme Court rules that the law does not violate the Constitution, the President may not object any more 
and is obliged to finally proclaim the law. 

• The President of Latvia may suspend a bill for a period of two months, during which it may be referred to the people in a referendum if 
a certain number of signatures are gathered. This is potentially a much stronger form of veto, as it enables the President to appeal to 
the people against the wishes of the Parliament and Government. 

• The President of Poland may submit a bill to the Constitutional Tribunal if he suspects that bill is unconstitutional or send it back to 
the Sejm for a second voting. If the Tribunal says that the bill is constitutional or if Sejm passes it by at least three-fifths of the votes, the 
President must sign the bill. 

• The President of Portugal may refuse to sign a bill or refer it or parts of it to the Portuguese Constitutional Court. If the President 
refuses to sign bill without it being declared unconstitutional, the Assembly of the Republic (parliament) may pass it again, in which case 
it becomes law. 

• The President of Ukraine may refuse to sign a bill and return it to Parliament with his proposals. If the parliament agrees on his 
proposals, the President must sign the bill. Parliament may overturn a veto by a two-thirds majority. If Parliament overturns his veto, 
the President must sign the bill within 10 days. 
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There is no doubt that game theory is the best 
tool for modelling the decision making with veto 
attribute. But which one: 

- Co-operative, or 

- Non co-operative. 

 

We will demonstrate the possibilities of both 
attempts starting with co-operative one. 

12 



Security Council of UN 

The United Nations Security Council (UNSC) is composed of 5 permanent 
members: China, France, Russian Federation, the United Kingdom and the 
United States and 10 non-permanent members (they are elected by 
the General Assembly for two-year terms starting on 1 January, with five 
replaced each year). Currently: Azerbaijan, Colombia, Germany, Guatemala, 
India, Morocco, Pakistan, Portugal, South Africa and Togo. 

Each Council member has one vote. Decisions on procedural matters are 
made by an affirmative vote of at least 9 of the 15 members. Decisions on 
substantive matters require nine votes, including the concurring votes of all 
five permanent members. This is the rule of “great Power unanimity”, often 
referred to as the veto power.  
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Number of resolutions vetoed by each of the five 
permanent members of the Security Council 
between 1946 and 2007 
Source: Vikipedia-eng. (8.08.2012) 



Security Council of UN – cont. 

Remark 1. 
For example: 9 UNSC’s members majority coalition consists of 4 
permanent members and 5 (of 10) non-permanent members is 
winning coalition in the sense of cooperative game but it is not 
winning without approval of the remaining permanent UNSC 
member or it is losing if that permanent member use his veto 
(he is not a member of this coalition at all). 
Standard approach fails! 
Remark 2.  
Polish liberum veto was for each gentry person. UNSC veto is for 
permanent members only. 
Remark 3. 
Arguments for and against status of Security Council one may 
find for example in 
http://en.wikipedia.org/wiki/United_Nations_Security_Council 
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Example: Veto of the USA President 

All legislation passed by both houses of Congress must be presented to the President. 
This presentation is in the President's capacity as Head of State. 
• If the President approves of the legislation, he signs it into law. According to Article 

1. Section 7 of the Constitution, when the president chooses, if he does not 
approve, he must return the bill, unsigned, within ten days, excluding Sundays, to 
the house of theUnited States Congress in which it originated, while the Congress 
is in session. The President is constitutionally required to state his objections to 
the legislation in writing, and the Congress is constitutionally required to consider 
them, and to reconsider the legislation. This action, in effect, is a veto. 

• If the Congress overrides the veto by a two-thirds majority in each house, it 
becomes law without the President's signature. Otherwise, the bill fails to become 
law unless it is presented to the President again and he chooses to sign it. 

• A bill can also become law without the President's signature if, after it is presented 
to him, he simply fails to sign it within the ten days noted. If there are fewer than 
ten days left in the session before Congress adjourns, and if Congress does 
so adjourn before the ten days have expired in which the President might sign the 
bill, then the bill fails to become law. This procedure, when used as a formal 
device, is called a pocket veto. 
 

Conclusion: sometime veto is conditional and can be overruled. 
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Vetoes types 

Let’s examine the following example:  
{1; 1a, 1b, 1c}  

voting quota equals 1 and weights of every voters a, b, c (N=3) 
are equal and fixed at 1.  

There are seven winning coalitions in this game:  
{a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c},  

but only the first three coalitions are vulnerable ones and can be 
transformed into non-winning coalitions by their (critical) 
members’ swing.  

Members of those three coalitions are in veto position: their 
veto changes the outcome of the game. That is what we can 
call a veto of the first degree. The classical example of such a 
veto is possible veto of permanent members of the Security 
Council of United Nations. 
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The veto of the second degree is when some player’s veto can be overruled.  

Let’s modify our above example by changing the quota.  

 

Now, the game is:  {2; 1a, 1b, 1c} with four winning coalitions:  

{a,b}, {a,c}, {b,c}, {a,b,c}.  

 

Again, the first three coalitions are vulnerable and veto (of the first degree) of 
any coalition’s members transforms it from winning into non-winning one.  

 

 

The last coalition, {a,b,c}, is different: a single member’s veto can be 
overruled by two other members. This type of veto we call the second 
degree veto. The very typical example of such veto is a presidential veto, 
which under certain circumstances can be overruled. 



Analysis of the power of the members of a legislative process. 

The analysis of the power of members of a legislative process will be 
conducted via so called power indices. There are many different power 
indices in the literature. Among them, the most popular are the Shapley-
Shubik power index and the Banzhaf power index. These two indices came 
from game theory and are well tailored to an a priori evaluation of the ability 
to form a winning coalition (the Shapley-Shubik index of power) or of the 
permanency of a coalition (the Banzhaf index of power). However, something 
different needs to be used when analysing the legislation process.  
 
A winning coalition must be formed, but the way to do so is a sequence of 
decisions whose summary results in a bill at the end of it. Steven Brams (BRAMS, 

S. J. Negotiation games, Routledge, New York – London, 1990) suggested that the Johnston power 
index is the best suited to reflect and evaluate this process. 
 
 
• One may find a different approach to defining power indices for example: 
[in:] TURNOVEC F., MERCIK J., MAZURKIEWICZ M. Power indices: Shapley-Shubik or Penrose-Banzhaf? Operational 
Research and Systems 2004. Decision making. Methodological base and applications. (R. Kulikowski, J. Kacprzyk, R. 
Słowiński – eds.). Warszawa: "Exit" 2004, 121-127 or  
[in:] BERTINI C., FREIXAS J., GAMABARELLI G. and STACH I.: Some open problems in power indices. SING8. Budapest, 
2012. 

• For more on this see for example STRAFFIN Ph. D. Topics in the theory of voting, Birkhauser, Boston. 1980 or  

MERCIK J. W. Power and expectations (in Polish), PWN, Warszawa-Wroclaw, 1999. 
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A standard power and a power index concept 

Let N = {1, 2, ..., n} be the set of players (individuals, parties) and 
i (i = 1, ..., n) be the (real, non-negative) weight of the i-th 
agent and  be the total sum of weights of all players. Let  be 
a real number such as 0 <  <  (minimal sum of weights 
necessary to approve a proposal).  

The (n+1)-tuple  such that  

 

we call a weighted voting body of the size n = card {N} with 
quota , total weight  and allocation of weights .  

We assume that each player i casts all his votes either as “yes” 
votes, or as “no” votes.  

In general case, there is also possible to accept the multi-level result of voting (Bolger, 
1983). Voting „yes”, „no” and „abstain” is very typical for such situation. 

 
n

i i

i=1

 = ,   0, 0         
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Any non-empty subset of players S N we shall call a voting 
coalition. Given an allocation  and a quota , we shall say 
that S  N is a winning voting coalition, if                 and a losing 
voting coalition, if  

 
Let  
 
 
 
 
be the space of all coalitions of the size n, total weight  and 

quota . 
 
A power index is a vector valued function                       that maps 

the space T of all coalitions of the size n into a non-negative 
quadrant of Rn. A power index for each of the coalition players 
represents a “reasonable expectation” that it will be 
“decisive” in the sense that its vote (YES or NO) will determine 
the final outcome of voting.  

   i
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Pivotal situation 

Let (i1, i2, ..., in) be a permutation of players of 
the committee, and let player k be in position 
r in this permutation, i.e. k = ir. We shall say 
that a player k of the coalition is in a pivotal 
situation (has a pivot) with respect to a 
permutation (i1, i2, ..., in) if    

    



r

j

ii

r

j

i rjj
and
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Shapley-Shubik power index 

The most known the a priori power measure based on 
pivotal position was introduced by Shapley (1953) 
and Shapley and Shubik (1954), and is called SS-
power (SS-index). The Shapley-Shubik index is 
therefore defined as follows: 

 

 

where pi is the number of pivotal positions of the 
coalition player i and n! is the number of 
permutations of all coalition players (number of 
different strict orderings). 

 

!
),(

n

p
SS iω



23 

Swing position 

The most known the a priori power measure 
based on swing position is called Penrose-
Banzhaf power index (Penrose, 1946; Banzhaf, 
1965, 1968). Let S be a winning configuration 
in a coalition [, ] and i  S.  We say that a 
member i has a swing in configuration S if  

 

 
 




 <    and      k

iSk

k

Sk

 
\



24 

A relative PB-index  

Then PB-power index of player i  is defined as  

 

 

Original Penrose definition of power of the member i 
was 

 

which is nothing else but the probability that a given 
member will be decisive (probability to have a 
swing). This form is usually called an absolute PB-
index. 
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Which power index is the best one for estimation of 
veto power? 

It is clear that both swing and pivotal attempts are 
connected with veto. If we assume that coalition is 
already formed, and one of its member defeats 
(swings), then this is equivalent to veto (the first or 
the second degree). So, possible power of veto 
should be rather measured somehow with 
participation of power index based on swings. The PB 
power index is the first one which can be used for it, 
but as far as we do not know which power index is 
better fitted for veto measuring, we still keep in 
minds other power indices. 
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Other a priori indices are also in use depending on a situation 
when voting is taken. Among them there are:  

- the Coleman coalition prevent index (1971) – CP(i);  
- the Coleman action initiation index (1971) – CI(i);  
- the Coleman group capacity index (power to act) (1971) – 

C(A);  
- the Rae index (1969) – R(i);  
- the Zipke index (Nevison, 1979) – Z(i);  
- the Brams-Lake index (1978) – BL(i);  
- the Deegan-Packel index (1979) – DP(i);  
- the Holler index (1982) – H(i); and  
- the Johnston index (1978) – J(i).  

 
The last one is suggested by Brams (Brams, 1990) as the best 

suited (as swing type power index) for veto analysis.  
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Johnston power index  
Johnston, R. J., (1978), On the measurement of power: some reactions to Laver, Environment and Planning, 

A10, no. 8: 907-914. 

  • For the Johnston power index, it is crucial to define a so called vulnerable 
coalition. 

• Definition: a winning coalition c is vulnerable if, among its members, there 
is at least one whose defection would cause the coalition to lose. Such a 
member is called critical. If only one player is critical, then this player is 
uniquely powerful in the coalition. For example, if there are only two such 
players in the coalition c, thus f(c)=1/2.  
 

• Historically, the word “defection” has been used, but it is also possible to 
use the concept of “swing”, which is probably more often in use right now. 
Therefore, the first sentence of the definition is as follows: a winning 
coalition is vulnerable if, among its members, there is at least one in a 
swing position, whose swing would cause the coalition to lose.  
 

• Definition: The Johnston power of player i is the sum of the fractional 
critical defections over all the vulnerable coalitions in which i is critical, 
divided by the total number of fractional critical defections of all players, 
in other words, i’s  proportion of fractional critical defections. 



28 

 
  

otherwise       

c in critical is i  cf
cf i






0

)(
)(

 





 


n

j Vc

j

Vc

i

cf

cf

iJ

1

)(

)(

)(

Let V be the set of all vulnerable coalitions. Formally, for each vulnerable coalition , we 
define the set  
 

Johnston power index is: 
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An example 

Let us consider the following example : the game [4; 3, 2, 1], i.e. voting where there are three 
voters with 3, 2 and 1 votes each. The majority needed for a decision is 4. The following are 
vulnerable coalitions in this game: (3, 2), (3, 1) and (3, 2, 1) (vulnerable coalitions must be 
winning coalitions) 

 
 
 
 
 
 
 
 
The value (4/6, 1/6, 1/6) of Johnston power index in this example 

differs from Banzhaf power index (3/5, 1/5, 1/5) and it is 
equal to Shapley-Shubik power index (4/6, 1/6, 1/6).  

 
(Mercik J.W. (2009): A priori veto power of the president of Poland, Operations Research and Decisions, vol. 4, 

141-150.) 

Critical defections Fractional critical defections Vulnerable 

coalitions 

Number of 

vulnerable 

coalitions 
3 votes 

player 

2 votes 

player 

1 vote 

player 

3 votes 

player 

2 votes 

player 

1 vote 

player 

(3, 2) 1 1 1 0 ½  ½ 0 

(3, 1) 1 1 0 1 ½  0 ½  

(3, 2, 1) 1 1 0 0 1 0 0 

Total 3 3 1 1 2 ½  ½  

J(i)     4/6 1/6 1/6 
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Evaluation of power of veto of the first degree 

A good example of decisive body where some (at least) members are empowered with veto attribute is the UN 
Security Council. Veto of one of the permanent members of the UN Security Council (i.e. China, France, 
Russia, the United Kingdom and the United States) can not be overruled, so this is a typical example of the 
veto of the first degree.  

The rest, ten non-permanent members of the Council have no right to veto resolutions of the Council.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
It can be noticed that veto attributed to a permanent member of the UN Security Council makes them from 10 

(based on swing type index) to 103 times more powerful (based on pivotal type index) – this is an indirect 
estimation of power of veto of permanent members.  

Power index Value Power ratio 

Pj/Nj 

SS power index 

SS(Pj) 

SS(Nj) 

 

0.1963 

0.0019 

 

 

103.85 

Penrose-Banzhaf power index 

PB(Pj) 

PB(Nj) 

 

0.1669 

0.0165 

 

 

10.09 

Coleman Power to prevent action index CP(i) 

CP(Pj) 

CP(Nj) 

 

1.0000 

0.0990 

 

 

10.10 

Coleman Power to initiate action index CI(i) 

CI(Pj) 

CI(Nj) 

 

0.0266 

0.0026 

 

 

10.23 
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Inter-body decision-making  

 
Stage 1 Stage 2 

accept 

veto 

A 

B 

C 

accept 

veto 

Two-stage process of decision making with two parallel decision-makers (A and 
B) and one final decision-maker. 
Mercik J.W. (2011): On a priori evaluation of power of veto, [in:] Consensual Processes (Herrera-Viedma et al. eds), Springer, 
Studies in Fuzziness and Soft Computing, vol. 267, 145-158. 
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• If A, B and C are single players (not bodies), 
estimation of a priori power of veto depends on logic 
of parallel part of the process: when both A and B 
must accept before C accepts, then value of power of 
veto is equal for A, B and C each. When only one of A 
and B must accept before C accepts, all veto power 
belongs to C. Whichever power index is in use, it 
must fulfil already mentioned conditions. 

• It is also clear, that when at least one of the A, B and 
C players is a decisive body, the veto power has to be 
distributed among members of the decisive body 
respectively. In that case, we may use one of the 
“swing” type indices and evaluate veto part of the 
power by comparing power of a certain player with 
and without veto attribute. 
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Stage 1 Stage 2 Stage 3 

accept 

veto veto 

A 

accept 

B C 

accept 

veto 

Three-stages process of decision making with three serial decision-makers (A, B 
and C). 
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• If A, B and C are single players, each of the 
decision-makers has the same veto power. For 
decisive bodies, marked with A, B and C, the 
standard “swing” type index can be used and 
all veto power has to be distributed among 
members of a decisive body. 

• Any other veto of the first degree cases is the 
combination of those two already analysed 
examples and veto power index can be 
evaluated in the same way, i.e. by comparing 
power with and without veto. 
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Evaluation of power of veto of the second degree 

Possibility of overruling the veto (veto of the second degree) changes the situation 
drastically: the same decision maker may accept and/or veto at least more than 
once. It can be seen that inter-body decision is made and positions of decision-
makers are different, depending on their ability to overrule a veto. 

Let us have a look at the following example. In Poland, in the process of legislation, 
any bill accepted by the Sejm (lower chamber of the Polish parliament – 460 
representatives) is considered by the Senate (100 senators), which may accept, 
amend or reject a bill. If a bill is amended or rejected by the Senate, then it comes 
back to the Sejm. The Sejm may, by absolute majority, reject the Senate’s 
objection. After that, a bill accepted by the Sejm comes to the President of Poland 
who can accept and sign a bill within 21 days or may declare veto and send a bill 
back to the Sejm. 

The presidential veto is considered as a cognizable attribute of the president regarding 
any bill resolved by the parliament. According to the Constitutional Act, the 
president signs and declares a bill in the official monitor (gazette). In the case of 
important state interests or poor quality of constituted law, the president may 
reject a bill. Presidential rejection of a bill (veto) has a conditional character: the 
Sejm may accept a bill once more by a majority of 3/5 of votes in the presence of 
at least half of the members of the Sejm (representatives). In this case, the 
president has to sign a bill within seven days and publish the bill in the official 
monitor. The real effectiveness of the president’s veto is therefore strongly 
subordinated to the present structure of parties in the Sejm. 
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Veto becomes conditional… 
The immanent characteristics of the veto of the second degree is the inter-

body decision making and the necessity of strategic thinking. Any decision-
maker has to look ahead and reason back. 

 
See the legislative way a bill goes through the Polish parliamentary system. 

The House of Representatives (the Sejm) may be in action from 1 to 3 
times during the legislation: 

• one time when a bill is accepted by the Senate and the president without 
restrictions, 

• two times when the Senate has restrictions and the president has none, 
• three times when the Senate and the president have restrictions. 
 
Each of these situations may result in different estimation of power of every 

player (i.e. the Sejm, the Senate and the president) and only the president 
has the right to veto the bill. Therefore, the estimation of veto power is 
connected with the president only but depending on the power of other 
players.  



A priori veto power of the president of Poland 

• In Poland, in the process of legislation, any bill accepted by the Sejm (the lower 
chamber of the Polish parliament) is considered by the Senate, which may accept, 
amend or reject a bill. If a bill is amended or rejected by the Senate, then it goes 
back to the Sejm. The Sejm may, by absolute majority, reject the senate’s 
objection. After that, a bill accepted by the Sejm goes to the president of Poland 
who can within 21 days accept and sign a bill or may declare his veto and send a 
bill back to the Sejm. 

• The presidential veto is considered as a cognizable attribute of the president 
regarding any bill resolved by parliament. According to the Constitutional Act, the 
president signs and declares a bill in the official monitor (gazette). In the case of 
important state interests or poor quality of constituted law, the president may 
reject a bill. Presidential rejection of a bill (veto) has a conditional character: the 
Sejm may accept a bill once more by a majority of 3/5 of votes in the presence of 
at least half of the members of the Sejm (representatives). In this case, the 
president has to sign a bill within seven days and publish the bill in the official 
monitor. The real effectiveness of the president’s veto is therefore strongly 
subordinated to the present structure of parties in the Sejm. 

• Another way for the president to stop the legislation process is by sending an 
unsigned bill to the Constitutional Court asking it to establish a bill’s conformity to 
the Constitutional Act. If the Constitutional Court declares the bill’s conformity to 
the Constitutional Act, the president must sign it and may not declare his/her veto 
against it. 
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Sejm 

Senate 

Sejm 

President 

Reject 
Reject 

Sejm 

Accept 

VETO 

Yes 

No 

Legislative way through the Polish parliamentary system (The Sejm stands for the 
House of Representatives). 
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The analysis of enactment of bills 

In Poland all bills are resolved if: 
- absolute majority of representatives (p) and the president (z) are for, or 
- at least 3/5 of representatives are for in case of veto of the president. 
We have coalitions:   
 
where z means the president and p means representative.  
 
Some of those coalitions are winning, some not.  
 
We analyse the following three cases: 
• - case #1: we assume there is no inside party structure in the parliament, 
• - case #2: Sejm has party structure, and 
• - case #3: the president favours one of the opposite party.  

  
46021

,...,,, jjj pppz
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Case #1  
We assume, that each member (including representatives) of legislative 

process is autonomous and act independently. This is equivalent to 
situation when party affiliation, both of the president and representatives, 
is no longer valid. There is only one criterion of being for or against a bill: 
individual, personal attitude against the bill, but not the party discipline or 
belonging to the governing coalition. It means that we are analyzing the 
case of hypothetical 3-level system of legislation. 

In case #1 the winning coalition are as follows:  
, where               (we also assume that all representatives participate in every 

voting). 
 
Among the winning coalitions there are the following vulnerable coalitions: 
- for n = 231 all players, i.e. the president and 231 representatives, are critical, 
- for  232  ≤  n  < 276  the president is critical only. 
Note, that for n ≥ 276 all coalitions are winning but no one member of such 

coalition is critical one. 

  
njjj pppz ,...,,,

21

 231n
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Case #2. 
We assume that representatives are members of parties and they vote according to the 

party leaders  

The structure of Polish Sejm of VI term 

 

Description 

 

Party Number of 

seats 

a Civic Platform 208 

b Law and Justice 157 

c Leftwing (Lewica) 42 

d Polish Popular Party (PSL) 31 

e SDPL – New Leftwing 5 

f Poland XXI 5 

g Democratic Faction of 

Representatives 

3 

h Non-affiliated representatives 9 

 Totally 460 
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In case #2 the winning coalitions are as follows: 
  
where:  
S can be formed by all factions of the parliament, except Civil Platform and 

PSL. S can be one of the following coalitions: {Ø}, {b}, {c}, {e}, {f}, {g}, {h}, 
{b,c}, {b,e}, {b,f}, {b,g}, {b,h}, {c,e}, {c,f}, {c,g}, {c,h}, {e,f}, {e,g}, {e,h}, {f,g}, 
{f,h}, {g,h}, {b,c,e}, {b,c,f}, {b,c,g}, {b,c,h}, {b,e,f,}, {b,e,g}, {b,e,h}, {b,f,g}, 
{b,f,h}, b,g,h}, {c,e,f}, {c,e,g}, {c,e,h}, {c,f,g}, {c,f,h}, {c,g,h}, {e,f,g}, {e,f,h}, 
{f,g,h}, {b,c,e,f}, {b,c,e,g}, {b,c,e,h}, {b,c,f,g}, {b,c,f,h}, {b,c,g,h}, {b,e,f,g}, 
{b,e,f,h}, {b,e,g,h}, {b,f,g,h}, {c,e,f,g}, {c,e,f,h}, {c,e,g,h}, {c,f,g,h}, {e,f,g,h}, 
{b,c,e,f,g}, {b,c,e,f,h}, {b,c,e,g,h}, {b,c,f,g,h}, {b,e,f,g,h}, {c,e,f,g,h}, 
{b,c,e,f,g,h}. 

 
Searching for vulnerable coalitions we find that: 

 
• If card(S) ≤ 37, then coalition  is vulnerable; critical players are the 

president and „governmental” coalition {a, d}. 
 

• If card(S) > 37, then coalition   is vulnerable but critical is only 
„governmental” set {a, d}. 

 )},,{,( Sdaz
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In case #3 we assume, that the president acts same as one of the opposite party, 

namely Law and Justice.  

Therefore, case #3 is equivalent to case #2 where the 
winning coalitions are             

 

and set S could be one of the following subsets: {Ø}, {c}, 
{e}, {f}, {g}, {h}, {c,e}, {c,f}, {c,g}, {c,h}, {e,f}, {e,g}, 
{e,h}, {f,g}, {f,h}, {g,h}, {c,e,f}, {c,e,g}, {c,e,h}, {c,f,g}, 
{c,f,h}, {c,g,h}, {c,g,h}, {e,f,g}, {e,f,h}, {f,g,h}, {c,e,f,g}, 
{c,e,f,h}, {c,f,g,h}, {e,f,g,h}, {c,e,f,g,h}.  

 )},,{},,({ Sdabz



44 

Power analysis. 

Case #1. 

Among the winning coalitions there are the following vulnerable coalitions: 

 - for n = 231 all players, i.e. the president and representatives are critical. Therefore 

Johnston fractional critical defections for each of them equals to 232/1)( f . 

There are 1371.10E 








231

460
 coalitions with the president and 1365.5347E 









230

459
 with 

a given representative. 

- for  232  ?   n  <  276  the president is critical only and Johnston fractional critical 

defections for him equals 1)( f . There are 

1381.323E 


































275

460
...

233

460

232

460
 such coalitions. 

The above results give the following values of Johnston index of power: 

 - for the president: 0.92342978817 

 - for a representative: 0.0001664570 

 - for Sejm as a whole: 0.0765702118 
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Calculation of Johnston power index for 
case #2  

Fractional critical 

defections 

Vulnerable 

coalitions 

)},,{,( Sdaz  

for S = 

 

card(S) 

President 

z 

Government 

{a,d} 

{Ø} 0 1/2 1/2 

{g} 3 1/2 1/2 

{e} 5 1/2 1/2 

{f} 5 1/2 1/2 

{h} 9 1/2 1/2 

{e,g} 8 1/2 1/2 

{f,g} 8 1/2 1/2 

{e,f} 10 1/2 1/2 

{g,h} 12 1/2 1/2 

{e,f,g} 13 1/2 1/2 

{e,h} 14 1/2 1/2 

{f,h} 14 1/2 1/2 

{f,g,h} 17 1/2 1/2 

{e,f,h} 19 1/2 1/2 

{e,f,g,h} 22 1/2 1/2 

  7.5  

 

{c} 42  1 

{c,g} 45  1 

{c,e} 47  1 

{c,f} 47  1 

{c,e,g} 50  1 

{c,f,g} 50  1 

{c,h} 51  1 

{c,e,f} 52  1 

{c,g,h} 54  1 

{c,e,f,g} 55  1 

{c,e,h} 56  1 

{c,f,h} 56  1 

{c,e,g,h} 59  1 

{c,f,g,h} 59  1 

{c,e,f,h} 61  1 

{c,e,f,g,h} 64  1 

{b} 157  1 

{b,g} 160  1 

{b,e} 162  1 

{b,f} 162  1 

{b,e,g} 165  1 

{b,f,g} 165  1 

{b,h} 166  1 

{b,e,f,} 167  1 

{b,g,h} 169  1 

{b,e,f,g} 170  1 

{b,e,h} 171  1 

{b,f,h} 171  1 

{b,e,g,h} 174  1 

{b,f,g,h} 174  1 

{b,e,f,h} 176  1 

{b,e,f,g,h} 179  1 

{b,c} 199  1 

{b,c,g} 202  1 

{b,c,e} 204  1 

{b,c,f} 204  1 

{b,c,e,g} 207  1 

{b,c,f,g} 207  1 

{b,c,h} 208  1 

{b,c,e,f} 209  1 

{b,c,g,h} 211  1 

{b,c,e,f,g} 212  1 

{b,c,e,h} 213  1 

{b,c,f,h} 213  1 

{b,c,e,g,h} 216  1 

{b,c,f,g,h} 216  1 

{b,c,e,f,h} 218  1 

{b,c,e,f,g,h} 221  1 
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For case #2 a priori Johnston power index equals respectively:  

 - for the president: 0.119048, 

 - for the Sejm: 0.880952, 

what means that in Polish parliamentary system and for Parliament of VI term, Sejm is 7.4 

times stronger than the president. 

Indirectly we also got an answer for the question what factions of parliament are better for 

coalitions with the president and the governmental coalition respectively: for the president it 

is better to form coalition with “S”, for which card(S) < 39 (upper part of tab.). For the 

governmental coalition it is better to act quite the reverse (lower part of tab.), what is obvious. 
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Case #3. 
In this case we assume that the president conduct his voting together with the biggest 

opposition party, namely PiS (denoted by b).  

Fractional critical 

defections 

Vulnerable 

coalitions 

)},,{},,({ Sdabz  

for S = 

 

card(S) 

President 

z 

Government 

{a,d} 

{Ø} 0 1/2 1/2 

{g} 3 1/2 1/2 

{e} 5 1/2 1/2 

{f} 5 1/2 1/2 

{h} 9 1/2 1/2 

{e,g} 8 1/2 1/2 

{f,g} 8 1/2 1/2 

{e,f} 10 1/2 1/2 

{g,h} 12 1/2 1/2 

{e,f,g} 13 1/2 1/2 

{e,h} 14 1/2 1/2 

{f,h} 14 1/2 1/2 

{f,g,h} 17 1/2 1/2 

{e,f,h} 19 1/2 1/2 

{e,f,g,h} 22 1/2 1/2 

  7.5  

 

{c} 42  1 

{c,g} 45  1 

{c,e} 47  1 

{c,f} 47  1 

{c,e,g} 50  1 

{c,f,g} 50  1 

{c,h} 51  1 

{c,e,f} 52  1 

{c,g,h} 54  1 

{c,e,f,g} 55  1 

{c,e,h} 56  1 

{c,f,h} 56  1 

{c,f,g,h} 59  1 

{c,e,f,h} 61  1 

{c,e,f,g,h} 64  1 

 Totally: 7.5 22.5 

 J(i) 0.25 0.75 
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Summary of calculations of Johnston power index for different assumptions (values for USA 

are from book of Brams, 1990). 

 Johnston power index 

 Case #1 Case #2 Case #3 USA 

President 0.9234 0.1190 0.2500 0.7700 

Sejm 0.0766 0.8810 0.7500 0.0736 

Senate 0 0 0 0.1560 
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• On the basis of the Johnston power indexes obtained one may give the 
following conclusions:  

• The legislative structure (president-Sejm-Senate or the equivalent in the USA) 
without an inside party structure (case #1) are similar in Poland and the USA. 
One may suppose that introducing a veto overruling condition for the Senate 
in Poland would make these results even more similar. 

• The multi-party system in the Polish parliament radically affects the values of 
the Johnston power index in Poland and the USA. The a priori power of the 
governmental coalition is much higher than the power of the president. This is 
a direct result of the fact that the governing coalition is formed by a majority 
parliamentary coalition. 

• An alliance of the president with one of the major opposition parties increases 
his power as measured by the Johnston power index. Evidently, this is 
important only in the situation of so called cohabitation, i.e. when the 
president and the governmental coalition are from opposite factions of the 
parliament. The Johnston power index is not suited for the case in which the 
president and the government represent the same political faction (party). In 
this case, the president would not veto a bill supported by the government. 

• It seems that the Senate should be empowered by enabling it to overrule 
vetoes by the president. The present power of the Senate, measured by the 
Johnston power index, is a good argument for its eventual liquidation.  

• The Polish example is rather untypical because the Senate is not participating 
in the president’s veto overruling. For example, in the USA overruling of 
presidential veto requires the cooperation of the House of Representatives 
and the Senate (3/5 of members from both chambers) 
 



The system of presidential vetoes may differ from country 
to country, but the general idea is the same: players must 
look ahead and reason back. It seems that the strategic 
type power index may be in use for the power evaluation. 
Among them probably the most adequate could be the 
index proposed by Steunenberg, Schmidtchen and 
Koboldt (1999).  In their paper one may find also the 
example of evaluation of power for the European Union. 
In the paper, (Schmidtchen, Steunenberg 2002) they 
argue that this type of power index can be also used for a 
priori and a posteriori analysis of power. 
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Axiomatization of a veto power index 

51 

Mercik J. W. On axiomatization and power index of veto. Springer Lecture Notes on Computer Science (2012 – in printing). 



A power index  
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A power index is a mapping : nSG R  . For each i N  and v SG , the thi  

coordinate of ( ) nv R  , ( )( )v i , is interpreted as the voting power of player i in the game v. 

In the literature there are two dominating power indices: the Shapley-Shubik power index and 

the Banzhaf power index. Both base on the Shapley value concept. 

 

Shapley value (Shapley (1953)): 

The Shapley value is the value : nG R  , 𝑣 →(φ1 (v),φ2(v),…,φn(v)) where for all 𝑖 ∊ 𝑁 

𝜑𝑖
𝑆𝑆 𝑣 =  

𝑠! 𝑛−𝑠−1 !

𝑛 !𝑆⊂𝑁,𝑖∉𝑆 [𝑣 𝑆 ∪  𝑖  − 𝑣 𝑆 ]. 

 

 

Shapley-Shubik power index for simple game (Shapley, Shubik (1954)): 

The Shapley-Shubik power index for simple game is the value : nSG R  , 𝑣 →(φ1 

(v),φ2(v),…,φn(v)) where for all 𝑖 ∊ 𝑁 

𝜑𝑖
𝑆𝑆 𝑣 =  

𝑠! 𝑛−𝑠−1 !

𝑛 !𝑆⊂𝑁,𝑖∉𝑆 . 

 

 The Banzhaf (1965) power index for simple game: 

The Banzhaf power index for simple game is the value : nSG R  , 𝑣 →(φ1 

(v),φ2(v),…,φn(v)) where for all 𝑖 ∊ 𝑁 

𝜑𝑖
𝐵 𝑣 =

1

2𝑛−1
 [𝑣 𝑆 ∪  𝑖  − 𝑣 𝑆 ]

𝑆⊆𝑁{𝑖}

 



A power index with partition structure P  
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Shapley-Shubik power index maybe defined as following (Alonso-Meijide et al. 

2007): 

 

𝜑𝑖
𝑆𝑆 𝑣, 𝑃 =   

 𝑟 + 𝑡 !  𝑚 + 𝑝𝑘 − 𝑟 − 𝑡 − 2 !

 𝑚 + 𝑝𝑘 − 1 !
[𝑣(𝑄

𝑇⊆𝑃𝑘\{𝑖}𝑅⊆𝑀\{𝑘}

∪ 𝑇 ∪ {𝑖}) − 𝑣(𝑄 ∪ 𝑇)] 

 

for all 𝑖 ∈ 𝑁 and all  𝑁, 𝑣, 𝑃  being a game with partition structure, where 𝑃𝑘 ∈ 𝑃 is the union 

such that 𝑖 ∈ 𝑃𝑘 , 𝑄 =∪𝑟∈𝑅 𝑃𝑟 .  

An analogue definition of the Banzhaf power index for a game with partition structure 

can be formulated as following (Owen, 1982): 

 

𝜑𝑖
𝐵 𝑣, 𝑃 =   

1

2𝑚−1

1

2𝑝𝑘−1
[𝑣(𝑄

𝑇⊆𝑃𝑘\{𝑖}𝑅⊆𝑀\{𝑘}

∪ 𝑇 ∪ {𝑖}) − 𝑣(𝑄 ∪ 𝑇)] 

 

for all 𝑖 ∈ 𝑁 and all  𝑁, 𝑣, 𝑃  being a game with partition structure, where 𝑃𝑘 ∈ 𝑃 is the union 

such that 𝑖 ∈ 𝑃𝑘 , 𝑚 =∥ 𝑀 ∥, 𝑝𝑘 =∥ 𝑃𝑘 ∥ and 𝑄 =∪𝑟∈𝑅 𝑃𝑟 . 



Axiomatizing veto: blockability 
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(Blockability principle) (Kitamura, Inohara (2009)): 

Consider a simple game (N, v). For coalitions S and S’ 𝑆 ≿𝑏 𝑆′ is defined as: for all 𝑇 ∊
𝑊 𝑣 , if T\S’∉ 𝑊(𝑣) then T\S∉W(v). ≿𝑏  is called the blockability relation on (N, v). 

 

As we may see the blockability principle is fulfilled only for veto of the first degree. A 

veto of the second degree may not fulfil this principle. So, blockability principle is stronger 

than veto: 

(𝑁, 𝑣, ≿𝑏  )⊆ (𝑁, 𝑣, 𝑣𝑒𝑡𝑜), 

and, blockability may be not equivalent to veto. 



Axiom 1. (Value-added). 
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Axiom 1. (Value-added). 

( )( ) ( )( )vetov i v i   

 

For veto of the first degree one gets strong inequality ( )( ) ( )( )vetov i v i   (some of 

possible winning coalitions of the others may-be prohibited). What more, 

( )( ) ( )( )vetov i v i 
 

one may call a net value of veto. 

For veto of the second degree, ( )( ) ( )( )vetov i v i 
 
holds. For example, veto of Polish Senate 

(if it is a case) can be overruled in all circumstances. 



Gain-loss: GL axiom 
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Axiom 2. (Gain-loss: GL axiom). 

( )( ) ( )( )v i w j   

for some ,v w SG  and i N , then there exists j N  such that 

( )( ) ( )( )v j w j  . 

 

 If we introduce veto, the “gain-loss” axiom looks like 

( )( ) ( )( )vetov i w j   

for some ,v w SG  and vetoi N , then there exists j N  such that 

( )( ) ( )( )v j w j  . 

We simply assume that right to veto may potentially increase value of power index for a given 

player. In that case someone else must lose some of its power. Axiom GL is weaker than 

efficiency and quantitatively less demanding. It specifies neither the identity of j that loses 

power on account of i’s gain, nor the extend of  j’s loss. 



Efficiency 
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Axiom 3 (Efficiency). 

( )( ) 1
i N

v i



 (1) 

for every v SG  with coalition structure with veto. 

For coalition structure with veto , , define v w SG v w v w SG     by: 

( )( ) max{ ( ), ( )},

( )( ) min{ ( ), ( )}

v w S v S w S

v w S v S w S

 

 
 

for all 2NS . It is evident that SG is closed under operations ,  . 

Thus a coalition is winning in v w  if, and only if, it is winning in at 

least one of v or w, and it is winning in 𝑣 ∧ 𝑤  if, and only if, it is 

winning in both v and w. 



Transfer 
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Axiom 4. (Transfer). 

( ) ( ) ( ) ( )v w v w v w         

for ,v w SG . 

 This axiom stays same for SG with or without veto. 

 

 

Axiom 4’.  (Transfer – Dubey et al. (1981)). 

Consider two pairs of games v, v’  and  w, w’ in SG with coalition structure with veto and 

suppose that the transitions from v’ to v  and w’ to w entail adding the same set of winning 

coalitions, i.e. ', ', ' ' and v v w w v v w w     . 

Equivalent transfer axiom: 

( ) ( ') ( ) ( ')v v w w      , 

i.e. that the change in power depends only on the change in the voting game. 



Symmetry 

59 

Denote by ( )N  the set of all permutations of N  (i.e., bijections : N N  ). For ( )N   

and a game v SG , define v SG   by 

( )( ) ( ( ))v S v S   

for all 2NS .  

The game v  is the same as v except that players are relabelled according to  . 

 

Axiom 5. (Symmetry). 

( )( ) ( )( ( ))v i v i     

for every v SG  with coalition structure with veto, every i N  (including 𝑖𝑣𝑒𝑡𝑜 ) and every 

( )N  . 

 

 According to symmetry, if players are relabelled in a game, their power indices will be 

relabelled accordingly. Thus, irrelevant characteristics of the players, outside of their role in 

the game v, have no influence on the power index. 

 It seems obvious that introduction of a coalition structure with veto will not demolish 

this axiom. 

Axiom 5’ (Equal Treatment). 

If ,i j N  are substitute players in the game v SG with veto, i.e. for every 

\{ , } ( { }) ( { })  S N i j v S i v S j    , then ( )( ) ( )( )v i v j  . 



Null player 
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Axiom 5. (Null player). 

If i N , and i is null player in v, i.e. ( { }) ( )v S i v S   for every \ { }S N i , then 

( )( ) 0v i  . 

The null player cannot be attributed with veto. Otherwise, from “Added value axiom” we get 

( )( ) 0vetov i  what may violate “Null player axiom”. To some extend the Supreme Court is 

the null player with veto attribute. In the example of legislative way in Poland, the Supreme 

Court doesn’t form a coalition with other sides of legislative process (it is independent by 

definition) but may stop the process if legal contradictories are found. 



Dummy 
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Axiom 6. (Dummy). 

If v SG  , and i is a dummy player in v, i.e. ( { }) ( ) ({ })v S i v S v i    for every \ { }S N i , 

then ( )( ) ({ })v i v i  . 

Dummy axiom implies that ( )( ) 1
i N

v i


  in every game v SG  where all players are 

dummies. The dummy player cannot be attributed with veto. Otherwise, from “Added value 

axiom” we get ( )( ) 0vetov i  what may violate “Null Player Axiom” and “Dummy Axiom”. 



Local monotonicity 
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Axiom 7. (Local monotonicity). 

LM requires that a voter i who controls a larger share of vote cannot have a smaller share of 

power than a voter j with a smaller voting weight. 

This axiom may not be applied for simple games with veto structure. 



Desirability with veto 
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A voter i is called “at least as desirable as” voter j if for any coalition S such that the union of 

S and  𝑗  is winning coalition, the union of S and  𝑖  is also winning (LM is an implication of 

desirability). 

 

Axiom 8. (Desirability with veto) 

 A voter i is called “at least as desirable as” voter j if for any coalition S such that the 

union of S and  𝑗  is winning coalition with at least one member with veto power, the union 

of S and  𝑖  is also winning and at least one member has veto power too. 



Axioms – results: 

Summing the conclusions from the above 
analysis of axioms we may say that at least three 
axioms may not be applied to simple games with 
coalitional structure with veto, namely: null 
player axiom, dummy player axiom and local 
monotonicity axiom. However, the last one can 
be replaced by the axiom temporarily called 
“desirability with veto”.  
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Existence theorems? 

In the paper (Einy, Haimanko, 2010) one can find the following two 
theorems:   
• Theorem 1: There exists one, and only one, power index satisfying 

Gain-Loss, Transfer, Symmetry and Dummy, and it is Shapley-Shubik 
power index. 

• Theorem 2: There exists one, and only one, power index satisfying 
Gain-Loss, Transfer, Equal Treatment and Dummy, and it is Shapley-
Shubik power index. 

  
It is obvious that both above theorems are not valid for simple games 
with coalitional structure with veto. In consequence, it may exclude 
Shapley-Shubik power index from the list of potential power indices 
for such cases, i.e. simple (voting) games where veto is applied. 
Probably, the same conclusion maybe formulated for Banzhaf power 
index too. It makes the problem of measuring power for decision 
making via voting where veto maybe applied still unsolved and using of 
Johnston power index is on intuitive base only. 
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Strategic power index 

The strategic power index refers to the ability of a 
player to make a difference in the outcome of a 
policy game. This ability depends on the rules of the 
game, which define the set of players, the sequence 
of moves and the set of available actions. 

 
Steunenberg, B., Chr. Kobolt and D. Schmidtchen (1996): Policy making, Comitology, and the 
Balance of Power in the European Union [in:] International Review of Law and Economics 
16: 329-344. 

Steunenberg, B., Chr. Kobolt and D. Schmidtchen (1996): Strategic Power in the European 
Union: Evaluating the Distribution of Power i Policy Games [in:] Journal of Theoretical 
Politics, vol. 11, no. 3: 339-366. 

D. Schmidtchen and Steunenberg, B. (2002): The strategic Power Index – responses. Mimeo 
dated on July15, 2002. 
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Strategic power index – def. 

SPI can be obtained by measuring a player’s 
power under some decision-making procedure 
with reference to the mean or expected distance 
between the equilibrium outcome and this 
player’s ideal point for all possible combination 
of players’ preferences and all possible 
combination of the status quo. 

 
By focusing on the expected distance the measure will 
indicate a players’ a priori prospects of playing a game 
without knowing the preference configuration of all players 
in the game and the location of the status quo. 
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Veto is essential tool of equalisation of the modern political decision 
making – non co-operation attempt. 

Tsebelis, one of the classical researchers, argued 
(Tsebelis G: Veto players: How Political Institutions Work. Princeton University Press, 2002): 

„that goverments in Parliamentary systems control 
(more or less) the policymaking agenda, and 
consequently they are (more or less) able to select 
the outcomes that they most prefer (subject to 
Parliamentary approval). I have also argued that 
agenda setters are more influential the more 
centrally located their policy preferences are among 
the actors that are required to approve their 
proposals (veto players).” 
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Impact of Agenda Control and Executive Dominance on Formateur Party 

(EMP Policy Space) 
 

   Basic Models    Complete Models 

   Model1  Model2  Model3  Model4  Model5 Model6 

 Party size   11.41***  11.35***  11.27***  12.77***  12.71***  13.08*** 

   (0.65)  (0.66)  (0.66)  (0.81)  (0.82)  (0.83) 

 Party noncentrality (EMP)  -3.81***  -3.68***  -5.78***  -3.19***  -2.76***  -6.10*** 

   (0.60)  (0.65)  (1.40)  (0.60)  (0.66)  (1.49) 

 Agenda control    -0.15    -0.73* 

    (0.50)    (0.52) 

 Party noncentrality*Agenda control  1.17    2.91* 

    (2.13)    (2.07) 

 Executive dominance    -0.10    -0.40*** 

     (0.09)    (0.11) 

 Party noncentrality*Executive dominance   0.63*    1.05*** 

     (0.40)    (0.43) 

 Pro-system fractionalization     0.45***  0.49***  0.60*** 

      (0.09)  (0.10)  (0.10) 

 Polarization (EMP)     -0.14  -0.09  0.21 

      (0.32)  (0.34)  (0.35) 

 Constant   -3.42***  -3.42***  -3.07***  -5.11***  -5.37***  -4.92*** 

   (0.18)  (0.19)  (0.33)  (0.54)  (0.60)  (0.57) 

 log-likelihood   -441.48  -441.31  -440.22  -402.18  -401.02  -395.13 

 N   1418  1418  1418  1196  1196  1196 

 

Note: Units of analysis are individual parties. The dependent variable is coded “1” to indicate that the party is a formateur party and “0” 
otherwise. Standard errors are given in parentheses. Statistical significance is based on one-tailed tests. *** P<.01; **P<.05; *P<.10 

 
Source: Tsebelis G. Coalition theory: a veto players  approach. Mimeo UCLA 2007. 
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Impact of Agenda Control and Executive Dominance on Formateur Party 

(LR Policy Space) 
 

   Basic Models    Complete Models 

   Model1  Model2  Model3  Model4  Model5  Model6 

 Party size  11.62***  11.62*** 11.53***  13.10***  13.17***  13.48*** 

   (0.60)  (0.60)  (0.60)  (0.75)  (0.76)  (0.77) 

 Party noncentrality (LR)  -4.57***  -4.47***  -7.16***  -3.13***  -2.89***  -5.63*** 

   (0.57)  (0.60)  (1.34)  (0.60)  (0.62)  (1.55) 

 Agenda control    -0.05    -0.45 

    (0.43)    (0.42) 

 Party noncentrality*Agenda control  4.34**    5.43*** 

    (2.15)    (2.28) 

 Executive dominance    -0.12    -0.25*** 

     (0.08)    (0.08) 

 Party noncentrality*Executive dominance   0.83**    0.86** 

     (0.37)    (0.43) 

 Pro-system fractionalization     0.51***  0.52***  0.62*** 

      (0.09)  (0.09)  (0.10) 

 Polarization (LR)     0.82  1.06*  0.73 

      (0.72)  (0.73)  (0.76) 

 Constant   -3.49***  -3.47***  -3.13***  -6.37***  -6.68***  -6.10*** 

   (0.17)  (0.17)  (0.25)  (0.82)  (0.85)  (0.87) 

 log-likelihood   -551.31  -548.35  -548.81  -508.33  -505.55  -503.01 

 N   1908  1908  1908  1531  1531  1531 

 

Note: Units of analysis are individual parties. The dependent variable is coded “1” to indicate that the party is a formateur party and “0” 
otherwise. Standard errors are given in parentheses. Statistical significance is based on one-tailed tests. *** P<.01; **P<.05; *P<.10. 

 
Source: Tsebelis G. Coalition theory: a veto players  approach. Mimeo UCLA 2007. 
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• Lijphart identyfied veto as: „The use of constitutional means such as veto 
mechanism that encourage a more egalitarian distribution of pay-off”. 
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Lijphart, A. Patterns of Democracy: Goverment Forms and Performance in Thirthy-Six Countries. New 
Haven: Yale University Press, 1999. 

Q: what does it mean „veto player”? The player who can stop the action OR the 
player without her the action will not be finished with a success? 
The difference is seen when using cooperative game and non-cooperative games 
approaches. For cooperative gamers such „veto player” would be rather pivotal or 
swing player. But for non cooperative…? 



Example of Dimensions of players: 
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Ideological dimensions: Left – right vs. Pro-anti         
Method: D-Nominate (Poole, K.T., H. Rosenthal, 1985. A spatial Model of Legislative Roll Call Analysis. 

American Journal of Political Science, 29, 357-384.) 

Source: Mercik J.  Power index with precoalitions based on ideological distance. Reports PRE4 (1997). 



Example of Dimensions of players: 
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Same as previous for D1 vs. D2 dimensions (analogue to PCA 
method in statistics – via coefficient of similarity) 

D-Nominate space 



Example: taxonomy approach 
Coefficient of similarity = 25% 
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pro government    anti government 



Example: taxonomy approach 
Coefficient of similarity = 50% 
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pro government    anti government 



Example: taxonomy approach 
Coefficient of similarity = 75% 
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pro government    anti government 



Example: taxonomy approach 
Coefficient of similarity = 90% 
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pro government    anti government 



Example: taxonomy approach 
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Florek, K., Łukaszewicz, J., Perkal, J., Steinhaus, H., Zubrzycki, S. (1951): The Wrocław Taxonomy (in Polish), Przegląd 
Antropologiczny XVII. 

 BBWR KKW KLD KPN NSZZ PC PL PSL SLD UD UP UPR 

BBWR  0.00 10.72 12.32  5.67  6.04  6.32 14.74 16.29 11.07 13.58 17.36 12.93 

KKW 10.72  0.00 21.85 12.22 13.80 10.29  7.14  8.19 17.15 23.16 27.41 21.44 

KLD 12.32 21.85  0.00 11.47  9.93 13.66 23.21 25.84 13.11  4.04  7.71  7.99 

KPN  5.67 12.22 11.47  0.00  5.50  6.18 15.20 17.59 12.28 13.37 16.87 13.94 

NSZZ  6.04 13.80  9.93  5.50  0.00  8.05 17.05 17.15  8.21 10.54 14.17  9.68 

PC  6.32 10.29 13.66  6.18  8.05  0.00 10.79 16.23 14.76 15.96 18.78 16.87 

PL 14.74  7.14 23.21 15.20 17.05 10.79  0.00  8.60 20.57 25.73 27.89 25.22 

PSL 16.29  8.19 25.84 17.59 17.15 16.23  8.60  0.00 17.30 26.80 29.47 23.42 

SLD 11.07 17.15 13.11 12.28  8.21 14.76 20.57 17.30  0.00 13.35 14.36  8.61 

UD 13.58 23.16  4.04 13.37 10.54 15.96 25.73 26.80 13.35  0.00  5.95  6.75 

UP 17.36 27.41  7.71 16.87 14.17 18.78 27.89 29.47 14.36  5.95  0.00  7.61 

UPR 12.93 21.44  7.99 13.94  9.68 16.87 25.22 23.42  8.61  6.75  7.61  0.00 

 

Fig. 1. Dendrite spanned on 12 parties taking part in the 1993 election 

Mercik, Mazurkiewicz: Power index with precoalitions based 
on ideological distance. Operations Research and Decisions, 
4 (1998), 41-50. 



So, the real problem is with a distance metrics! 
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Suggested future literature on veto 
theory: 

1. Chessa M., Fragnelli V.: Open problems in 
veto theory. International Game Theory 
Review, (2012). 

2. Mercik J. On axiomatization and power index 
of veto. Springer Lecture Notes on Computer 
Science (2012) 
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Thank you for your attention! 
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